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We address precision of optical interferometers fed by Gaussian states and involving passive and/or active
elements, such as beam splitters, photodetectors and optical parametric amplifiers. We first address the ultimate
bounds to precision by discussing the behaviour of the quantum Fisher information. We then consider photode-
tection at the output and calculate the sensitivity of the interferometers taking into account the non unit quantum
efficiency of the detectors. Our results show that in the ideal case of photon number detectors with unit quan-
tum efficiency the best configuration is the symmetric one, namely, passive (active) interferometer with passive
(active) detection stage: in this case one may achieve Heisenberg scaling of sensitivity by suitably optimizing
over Gaussian states at the input. On the other hand, in the realistic case of detectors with non unit quantum
efficiency, the performances of passive scheme are unavoidably degraded, whereas detectors involving optical
parametric amplifiers allow to fully compensate the presence of loss in the detection stage, thus restoring the
Heisenberg scaling.
PACS numbers:
I. INTRODUCTION
Optical interferometry is a mature quantum technology
[1, 2]. Results in this field nicely shows how quantum fea-
tures of information carriers may improve performances of
devices previously based on classical signals. In the last
decades, many efforts have been made in order to find the
ultimate limits to interferometric precision, but only recently
quantum enhancement of sensitivity using squeezed light has
been demonstrated [3–5]. As a matter of fact, the presence
of losses such as a non unit quantum efficiency in the detec-
tion stage, limits the performances of interferometers. The
interferometric sensitivity, which ideally achieve Heisenberg
scaling upon exploiting squeezing, may be degraded in the
presence of losses, even down to the shot noise limit [6–11].
Much attention has been devoted so far to Mach-Zehnder-
like interferometers based on passive devices, such as beam
splitters, in which squeezed photons are injected as input
states. On the other hand, promising results have been ob-
tained exploiting active elements, such as optical parametric
amplifiers. The so-called SU(1,1) interferometers [12–14]
and the coherent-light-boosted interferometers [15, 16] be-
long to this class. Quantum enhaced precision in active in-
terferometers have been recently demostrated [17, 18].
In this paper we build on the results obtained in Ref. [19]
where the ultimate limits to interferometric precision have
been assessed by the tools of quantum estimation theory [20].
Both passive and active interferometers fed by Gaussian states
have been considered, and the corresponding bound to preci-
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sion have been obtained by maximizing the quantum Fisher
information over the possible input signals. Results sug-
gest that Heisenberg scaling with optimized constant may be
achieved with suitably adjusted Gaussian signals. On the
other hand, the optimal measurements suggested by quantum
estimation theory may not be feasible with current technology
and thus it becomes relevant to assess the performances of ac-
tive and passive interferometers when a specific, and realistic,
detection stage is considered. We focus on photon number
detection, assisted either by passive elements or active ones,
also taking into account the effects of imperfections, i.e. non
unit quantum efficiency, in the detection process. Indeed, im-
perfections at the detection stage represent the major limits
to interferometric precision. In addition, since we are going
to consider Gaussian signals and devices, other losses within
the interferometer may be subsumed by an overall quantum
efficiency [21].
In a passive detection scheme, the two beams outgoing the
interferometers are mixed at a beam splitter before the de-
tection, in the active counterpart, the beams interact through
an optical parametric amplifiers and are finally detected. We
carry out the optimization over the input states and, in turn,
found the optimal working regimes in both the ideal case and
for non unit quantum efficiency. As we will see, in the ideal
case of photon number detectors with unit quantum efficiency
Heisenberg scaling is achieved using symmetric configura-
tions, i.e. by passive interferometers with passive detection
stages or by the active/active counterpart. On the other hand,
in the realistic case of detectors with non unit quantum effi-
ciency, the performances of passive schemes are unavoidably
degraded, whereas active detectors involving parametric am-
plifiers allow to compensate for presence of loss in the detec-
tion stage, as it happens in single-photon active interferometry
[22], and restoring the Heisenberg scaling,
The structure of the paper is as follows. In Sect. II, we
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2briefly summarize the main tools of quantum estimation the-
ory, whereas in Sect. III we discuss the main features of pas-
sive and active interferometers. The ultimate limits to the in-
terferometry precision for both active and passive schemes are
described in Sect. IV. In Sect. V we evaluate and optimize
the sensitivity for the passive and active interferometers when
a passive or an active measurement stage is considered. In
particular, we show that an active device can compensate the
losses due to a non-unit quantum efficiency restoring the ideal
case sensitivity achieved with lossless detectors. This features
is discussed in details in Sect. VI, whereas sect. VII closes the
paper with some concluding remarks.
II. LOCAL QUANTUM ESTIMATION THEORY
Let’s consider a parameter φ which can not be directly
measured, i.e. it does not corresponds to a quantum observ-
able, and a quantum system described by the density operator
ρφ ∈S (H ) carrying information about it, where H is the
Hilbert space associated with the system. An inference strat-
egy, and in turn an estimate for φ , may be obtained through re-
peated measurements of a quantum observable on ρφ followed
by a suitable classical data processing on the measurement re-
sults. We describe the observable with a positive operator-
valued measure (POVM) E :B(Λ)→B(H ), where Λ is the
set of all the possible measurement outcomes, B(Λ) is the
Borel σ -algebra on Λ andB(H ) is the set of bounded oper-
ator inH .
The function of data providing the value of φ is usually re-
ferred to as an estimator and its variance over data represents
the uncertainty ∆2φ of the overall estimation procedure, which
in turn determines its precision. In particular, we focus on the
lower bound of the achievable precision in the estimation of
φ . This bound is provided by the Crame´r-Rao theorem, which
states that
〈∆2φ〉 ≥ 1
MF(φ)
(1)
where 〈∆2φ〉 is the variance of φ , 〈· · · 〉 = Tr[ρφ · · · ], M is the
number of repeated measurements performed on the system,
and F(φ) is the Fisher Information (FI):
F(φ) =
∫
Λ
dx p(x|φ)[∂φ log p(x|φ)]2 (2)
where p(x|φ) = Tr[ρφ E(x)] is the probability distribution of
the outcome x conditional on the unknown actual value φ of
the parameter and E(x) is the element of the POVM associated
to the outcome x.
The inverse of F(φ) sets a lower bound for the uncertainty
affecting the estimation of φ , when a fixed observable is mea-
sured on the system. Indeed, the FI depends on the observable
that we measure, as is apparent from the definition of p(x|φ).
A question naturally arises on whether there exists a measur-
able observable such that the FI is maximal. Actually, this ob-
servable always exists, though realizing it in practice can be
challenging, and the related FI is known as Quantum Fisher
Information (QFI) Hφ [20, 23, 24]. Thus, we have F(φ)≤Hφ
for all the possible measured observable, the QFI being de-
fined as
Hφ = Tr
[
ρφ L2φ
]
(3)
where Lφ is the so-called Symmetric Logarithmic Derivative
Operator (SLD operator), which is defined by the equation
∂φρφ = 12 (Lφρφ +ρφLφ ). Notice that Lφ is a self-adjoint op-
erator with zero mean value. Since Hφ maximizes the FI, from
Eq. (1) we obtain the quantum Crame´r-Rao bound [25, 26]:
〈∆2φ〉 ≥ 1
MHφ
, (4)
which sets an ultimate bound for the variance of any estimator
of the parameter φ , i.e. to the precision achievable by any
inference strategy.
A. QFI for Gaussian States
Here we briefly review how to calculate the QFI and the
SLD operator for the whole class of Gaussian states [27–31].
Consider a system described by a n-modes Gaussian state ρφ ,
depending on the parameter φ . Being a Gaussian state, its
characteristic function can be always written as [32]:
χ
[
ρφ
]
(Λ) = exp
{
−1
2
ΛT σ Λ+ iΛT 〈R〉
}
where σ is the 2n×2n real, symmetric covariance matrix
σ jk =
1
2
〈R jRk +RkR j〉−〈R j〉〈Rk〉, (5)
and 〈R〉 ∈ R2n is the first-moments vector
〈R j〉= Tr
[
ρφ R j
]
, (6)
where we introduced the vector of canonical operators R =
(q1, p1, . . . ,qn, pn), with [q j, pk] = iIδ jk.
We can express the SLD operator as follows [27]:
Lφ = RT ΦR+RT ζ −ν , (7)
with a dependence at least quadratic on R. This dependence is
related to the Gaussianity of the state ρφ under investigation.
Notice that Φ is a 2n× 2n real, symmetric matrix, ζ is a real
vector of 2n components and ν is a scalar. After straightfor-
ward calculation, the elements of the SLD operator Lφ can be
linked to σ , 〈R〉 and their derivatives and inverses. In fact, we
obtain that
ν = Tr
[
ΩTσΩΦ
]
(8a)
ζ =ΩTσ−1 〈R˙〉 (8b)
σ˙ = 2σΩΦΩTσ − 1
2
Φ (8c)
where Ω=
n⊗ω is the symplectic matrix with ω = iσ y and σ y
is the Pauli matrix.
3To explicitly evaluate Φ, we have to perform a symplectic
diagonalization of the covariance matrix σ . Thus, we define
σS = Sσ ST the diagonalized covariance matrix, where S is
a suitable symplectic transformation, SΩST = Ω. Therefore,
we obtain
(ΦS) jk =
(
ΩT σS σ˙SσSΩ+ 14 σ˙S
)
jk
2λ 2j λ 2k − 18
(9)
where ΦS = SΦST and λ j are the eigenvalues of σ . Even-
tually, we obtain the matrix Φ by applying the inverse of the
symplectic transformation S and we can evaluate the SLD op-
erator and, thus, the QFI for a generic Gaussian state. In par-
ticular, in the case of Gaussian pure states we have λ j = 1/2,
∀ j and an explicit equation for Φ can be written:
Φ=
1
4
ΩT σ−1 σ˙ σ−1Ω (10a)
=−σ˙ (10b)
Summarizing, from Eq. (7) we can obtain the the following
expression for the QFI:
Hθ = Tr
[
ΩT σ˙ΩΦ
]
+ 〈R˙〉Tσ−1〈R˙〉 (11)
which holds for pure and mixed Gaussian states.
B. Sensitivity and FI
Here we introduce another quantity, known as sensitivity,
related to the precision of the estimation of an unknown pa-
rameter φ once a measurement is chosen.
We assume that an observable X is measured on the system
under examination, described by ρφ , and that the mean value
〈X〉 ≡ X(φ) depends on the parameter φ . If φ is shifted by
a quantity δφ  1, the mean value, up to first order in δφ is
now given by
X(φ +δφ)≈ X(φ)+δφ ∂φX(φ) , (12)
i.e. X is shifted by a quantity (we drop the explicit dependence
on φ ):
∆X = δφ ∂φX . (13)
Now, if we want to detect any shift of the order δφ by look-
ing at X , the absolute value of its variation |∆X | = |X(φ +
δφ)−X(φ)| has to be larger than the statistical fluctuations
of the mean value itself, i.e. the square root of the variance√
∆X2 =
√
〈X2〉−〈X〉. Otherwise, we would not be able to
say whether the change of X was due to random fluctuations,
or to an actual shift of φ .
At least, the uncertainty
√
∆X2 and its variation |∆X | can be
equal. From this request we obtain the minimum value of δφ
that can be sensed by looking at changes in the values of X .
Such minimum value is called sensitivity, and it is expressed
as:
Sφ ≡
√
∆X2∣∣∂φX∣∣ . (14)
It is clear that Sφ may depend on φ and, in general, it is mini-
mized for a particular choice φ = φ0 that is usually referred to
as an optimal working point.
It is worth noting that, in this setup, both the state of the sys-
tem ρφ and the observable X are given, and therefore the FI
may, at least in principle, be obtained. However, it is often im-
possible to obtain the analytic form of the FI since evaluating
the probability distribution p(x|φ) may be challenging. More-
over, it should be noticed that under specific conditions, the FI
and the sensitivity are equal, thus further motivating the use of
the latter in place of the FI. Indeed, whenever a Gaussian ap-
proximation of the distribution p(x|φ) may be assumed, with
the mean value X and variance σ2 = ∆X2 depending on the
parameter φ , then, from Eq. (2) follows that:
F(φ) =
(
∂φ X
)2
+2
(
∂φσ
)2
σ2
. (15)
If now σ slowly changes at the working point, namely,
∂φσ |φ=φ0 ≈ 0, we obtain S2φ = 1/F(φ), while in general
S2φ ≥ 1/F(φ), as it should be since the sensitivity is built to
assesses the precision of an estimator based on the sole mean
value of the distribution.
III. PASSIVE AND ACTIVE INTERFEROMETERS
A general interferometric scheme may be sketched as in
the upper panel of Fig. 1. Two radiation beams are injected
into the interferometer in a factorized state |ΨIN〉〉= |ψ〉⊗|ϕ〉
that we will assume to be pure and Gaussian. The first stage
consists of a unitary operation U that couples the two beams,
followed by a phase shift V (φ) = e−ia†aφ ⊗ I that is applied to
one of the two arms. At the output, an observable described by
the POVM E is measured on the whole system, with the aim,
of inferring the value of φ after a suitable data processing.
In this paper we are going to consider two different classes
of interferometers. In the first class we have devices employ-
ing active components, such as optical parametric amplifiers
(OPAs) [16]. The second one, instead, includes devices with
passive components, e.g. beam splitters. Active components
differ from passive ones since they increase the energy of the
incoming light beams, while the passive ones keep it constant.
The action of an OPA on a two-mode state is described by the
unitary operator
UOPA(ζ ) = exp{ζ a†b†−ζ ∗ ab},
where a and b are the two field operators describing modes,
and ζ ∈ C is a coupling constant, linked to the gain of the
amplifier. A beam splitter is instead described by the unitary
UBS(ν) = exp{ν a†b−ν∗ ab†},
where ν ∈ C is a coupling constant which determines the
transmissivity of the beam splitter.
The performances of both classes of interferometers may
be assessed using quantum estimation theory , which provides
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FIG. 1: (Color online) The upper panel shows the general scheme of
an interferometric setup. A factorized pure state |ψ〉 |ϕ〉 of the two
modes is injected in the device. The two modes are then coupled by
the unitary operator U and a unknown phase shift V (φ) is applied to
one of the beams. At the of output the interferometer, an observable
described by the POVM E is measured. The lower left panel shows a
schematic diagram of the passive measurement stage. Before being
measured, the two beams go through a beam splitter. The difference
photocurrent D− is then measured. In the lower right panel: scheme
of the active measurement stage. The beam splitter is here replaced
by an OPA. The measured observable is the sum photocurrent D+.
tools to find the optimal working regimes, i.e. the optimal in-
put signals and the optimal detection stage (see Sect. IV)[19].
However, the realization of the optimal detection stage is
usually challenging with current technology and thus it be-
comes relevant to assess the precision achievable by feasible
schemes. In this paper we consider two specific measurement
schemes, characterized by their passive/active nature, opti-
mizing their performances over the input signals in different
configurations.
In the passive detection scheme, the two radiation beams
interferes at a beam splitter and then are detected by two pho-
todetectors, which count the number of photons. In this case,
the measured observable is the difference photocurrent
D− = a†a−b†b
between the signals, i.e. the state just before the detectors
|ΨOUT 〉〉=U†BS(ν)V (φ)U |ΨIN〉〉 . (16)
In the active configuration, the beams splitter is replaced by an
OPA and the measured observable is now the sum photocur-
rent
D+ = a†a+b†b,
i.e. the total number of photon of the output signals, which, in
this case, are described by the state
|ΨOUT 〉〉=U†OPA(ζ )V (φ)U |ΨIN〉〉 (17)
The two possible detection stages are schematically depicted
in the lower panel of Fig. 1.
IV. QFI FOR PASSIVE AND ACTIVE
INTERFEROMETERS
Here we briefly review the optimal performances achiev-
able by passive and active interferometers [19] with Gaussian
input signals. Results will serve as a referece to assess the
performances of the four concrete configurations analyzed in
the following Section.
A. Passive quantum interferometer
The scheme of a typical passive interferometer is described
in Fig. 1, where the unitary operator U represents a 50:50
beam splitter, and the input states |ψ〉 |φ〉 are assumed to be
two displaced-squeezed states. The QFI is, by definition, op-
timized over all the possible measurements, and therefore we
do not define any measurement stage. The two input states can
be written as |α,ξ 〉 |γ,ζ 〉, where α,γ ∈R are the coherent co-
efficients (no phase is considered), and ξ ∈R+, ζ ∈C are the
squeezing coefficients, where the complex phase is accounted
only for the second one. The parameter ζ can be decomposed
as ζ = re−iθ , where r ∈ R+ is its modulus, while θ ∈ [0,2pi)
is the phase. The QFI Hφ may be evaluated using Eq. (11),
starting from the first-moment vector and the covariance ma-
trix after the beam splitter, we have
Hφ =
1
4
{
4e2ξ (α+ γ)2+ cosh4ξ +2cosθ sinh2r
× (2(α+ γ)2+ sinh2ξ)+4(α+ γ)2 cosh2r
+ cosh2(r−ξ )+ cosh2(ξ + r)+ cosh4r−4
}
(18)
which depends on the coherent amplitudes and the squeezing
parameters, while it is independent on the phase-shift itself,
being the problem covariant.
As a matter of fact, there are several parameters involved
in the optimization and thus it is useful to introduce a suit-
able re-parameterization to emphasize the quantities that are
physicaly relevant. In particular, we are interested in the be-
havior of the QFI Hφ as a function of the overall intensity
(i.e., the total number of photons) of the input beams. The
first parameter we introduce is the coherent trade-off coef-
ficient δ = α2/(α2 + γ2), δ ∈ [0,1] , assessing the fraction
of coherent photons in each input beams. Then, we de-
note by Ntot the total average number of photons of the sys-
tem, accounting for both coherent and squeezed photons, as
Ntot = α2 + γ2 + sinh2 ξ + sinh2 r. To describe the squeezing
properties of the beams, we use the parameters βtot and β . The
first one is the fraction of (total) squeezed photons, namely
βtot = (sinh2 ξ + sinh2 r)/Ntot, βtot ∈ [0,1]. The second one is
the ratio between the average number of squeezed photons in
one branch and the total average number of photons, namely,
β = sinh2 ξ/Ntot, β ∈ [0,βtot].
In Fig. 2 we illustrate the features of the QFI by showing
its behavior as a function of a given parameter and by fixing
the others. Looking at the upper left panel we see that Hφ
is maximized by choosing the squeezing phase θ of equal to
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FIG. 2: (Color online) (upper left) The Hφ as a function of θ , where
Ntot = 1, and δ = 1/4 (red lines), δ = 1/2 (blue lines), and δ = 1
(green lines). Solid lines for βtot = 3/4 and β = 2/3, and dashed
lines for βtot = 1/3 and β = 1/6. (upper right) The Hφ as a function
of δ , where Ntot = 1, and θ = 0. Solid lines for βtot = 3/4, dashed
lines for βtot = 1/3, and red lines for β = 0, blue lines for β = βtot/4,
and green lines for β = βtot/2. (lower left) The values of βtot (blue
line), and β (red line) maximizing the Quantum Fisher Information
Hφ , as a function of Ntot. (lower right) The standard deviation σφ
(blue solid line), as a function of Ntot. The shot-noise limit 1/
√
Ntot
is the red dashed line, and the Heisenberg limit 1/Ntot is the green
dotted line.
0 (or 2pi) independently on the value of the other parameters
(while the actual value of the maximum depends on the other
involved parameters). This means that optimal input signals
should have the same squeezing phase, i.e. squeezing may be
chosen real without loss of generality (or more generally, in
phase with the coherent amplitudes). Concerning the depen-
dence on δ , the upper right panel of Fig. 2 shows that Hφ is
maximized by δ = 1/2 independently on the other parame-
ters, i.e in the optimal input signals the average number of the
coherent photons in the two input states should be the same.
Finally, in the lower left panel of Fig. 2, we show the optimal
values of βtot (blue line) and β (red line) maximizing Hφ . In-
terestingly, the optimal β is equal to βtot/2 and, in the limit
Ntot 1, βtot→ 2/3. Therefore, we conclude that in the op-
timal case the squeezing has to be balanced between the two
input states, and we also need a given number of coherent
photons.
Overall, the optimization reveals that the best input signals
correspond to two identical displaced-squeezed states |α,r〉.
It is worth noting that the state of the system after the beam
splitter is factorised, and is equal to
∣∣∣√2α,r〉 |0,r〉, where∣∣∣√2α,r〉 undergoes a phase shift, while |0,r〉 plays the role
of a quantum-enhanced phase reference [33]. The maximized
QFI may be written as [19]:
Hmaxφ (Ntot) =
4Ntot
9
[
2
√
Ntot(Ntot+3)+4Ntot+9
]
,
which in the high-energy limit (Ntot  1) reduces to
Hmaxφ (Ntot)≈ 8/3(N2tot+2Ntot).
The minimum detectable fluctuation of the phase φ can now
be obtained using the Crame´r-Rao bound, Eq. (1). In the lower
right panel of Fig. 2 we show the behaviour of σφ = 1/Hφ ,
i.e. the minimum detectable fluctuation of φ , as a function of
the total energy. We have employed quantum states of light,
and indeed the sensitivity is enhanced compared to the shot-
noise limit, achieving the Heisenberg scaling. Moreover, hav-
ing maximized the QFI in the most general case (for a passive
device), we have found the actual ultimate limit for the preci-
sion of this kind of interferometer.
B. Active quantum interferometer
We consider active interferometer that employs an OPA in
place of the beam splitter. The scheme is shown in Fig. 1,
where the unitary operator represents the action of the OPA.
Since the quantumness needed to beat the shot-noise limit is
now provided by the OPA, we are led to consider just coherent
states as input signals. Besides, we assume that the two coher-
ent amplitudes are real namely, |α〉 |γ〉, with α,γ ∈ R, i.e. the
two signals have the same phase. As we will see in the follow-
ing, this choice lead to Heisenberg scaling of sensitivity. The
unitary operator describing the amplifier is UOPA(ζ ), where
ζ = r e−iθ is the squeezing coefficient, r ∈R+ and θ ∈ [0,2pi).
Upon using again Eq. (11), starting from the first-moment vec-
tor and the covariance matrix after the OPA, we have
Hφ =α2+ γ2+
(
α2+ γ2+
1
2
)
cosh4r
+2αγ cosθ sinh4r+2(α2− γ2)cosh2r− 1
2
(19)
As in the case of passive interferometers, we want to write
the QFI as a function of suitable parameters, related to the en-
ergetic properties of the light beams. To this aim, we still
use the coherent trade-off coefficient δ ∈ [0,1], introduced
above, and the total average number of photons (including
those introduced with the OPA) Ntot = (α2+γ2+1)cosh2r+
4αγ cosθ sinhr coshr−1, Ntot ∈ [0,∞]. The last parameter we
define is the ratio between the number of squeezed photons
and the total number of photons, namely, β = 2 sinh2 r/Ntot,
β ∈ [0,1].
In order to maximize the QFI Hφ , we analyze its behavior
as a function of θ and δ for fixed β and Ntot. The typical be-
haviour is shown in the upper left panel of Fig. 3. As a matter
of fact, the maximum is achieved for θ = pi independently on
the other parameters, while the optimal value of δ depends on
β and Ntot (we found that δ > 1/2). Given Ntot, in order to
find the values of β and δ maximizing the QFI we should use
a numerical maximization. The results are shown in the upper
right panel of Fig. 3, where the minimum detectable fluctua-
tion of the phase φ is plotted. Remarkably, also with an active
interferometer the Heisenberg limit can be achieved [16, 19].
In the lower panel of Fig. 3, we show the values of δmax and
βmax maximising Hφ as functions of Ntot. In the high-energy
case (Ntot 1) the parameter δmax is equal to 1/2, while βmax
is equal to 2/3 leading to the following analytic expression for
6the QFI:
Hmax(Ntot)≈ 43
(
N2tot+2Ntot
)
(Ntot 1).
It is worth noting that in order to achieve this value, two coher-
ent states with the same number of photons have to be injected
in the interferometer (δmax ' 12 for large Ntot  1), and the
OPA has to introduce two third of the total number of photons
in the system. Therefore, in the regime Ntot 1 the ultimate
limit of the QFI for active interferometers is proportional to
the square of the total number of photons in the system.
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FIG. 3: (Color Online) (Upper left) The QFI Hφ for an active inter-
ferometer as a function of θ and δ , for fixed values of β = 0.7 and
Ntot = 1. (Upper right) The minimum detectable fluctuation σφ (blue
solid line) as a function of Ntot, with the shot-noise limit (red dashed
line) and the Heisenberg limit (green dotted line). (Lower panel) The
parameters βmax and δmax, maximising Hφ , as a function of Ntot.
Summarizing, the precision achievable by active interfer-
ometers shows the same scaling of passive ones. However,
passive devices offers a factor two enhacement over active
ones and should thus be preferred, assuming that their imple-
mentations involve similar technological efforts. We notice
that both schemes allows one to beat the classical precision
limit, upon the introducti of squeezed light in the system.
V. SENSITIVITY FOR PASSIVE AND ACTIVE
INTERFEROMETERS
In the previous Section we evaluated the ultimate limits to
precision for any phase-shift estimation scheme based on pas-
sive and active interferometers. The Cramer-Rao theorem en-
sures that the obtained bounds are achievable, i.e. there exists
an observable which may be employed to estimate the phase-
shift with optimal precision. This optimal observable, how-
ever, correspond to the spectral measure of the SLD [20, 23]
and it is not clear whether, and in which regimes, it may be
implemented with current optical technology.
In order to assess the performances of feasible interferom-
eters in this section we consider a realistic detection stage and
analyze the sensitivity of different configurations, also tak-
ing into account possible imperfections of the detectors, such
as losses leading to non unit quantum efficiency. In partic-
ular, we evaluate phase sensitivity using Eq. (14), with the
observable X replaced by either the difference photocurrent
D−(η) in the passive measurement scheme, or by the sum
photocurrent D+(η) in the active case, see Appendix A for
the expression of the mean values and the variances. We opti-
mize the input signals in all the four possible configurations
(active/passive interferometers with active/passive detection
stage) and compare performances in the ideal case, as well
as for non unit quantum efficiency.
A. The passive/passive case
We now consider the passive interferometer introduced in
Sec. IV A, equipped with the passive measurement scheme
described in the lower left panel of Fig. 1. This kind of device
is the well-known Mach-Zehnder interferometer, also equiva-
lent to the Michelson one employed in gravitational interfer-
ometers [3, 4, 11, 34, 35]. It possible to show [10] that in
this case the best choice for the input states is |α,ξ 〉 |0,ζ 〉,
where α,ξ ∈ R are, respectively, the coherent and squeezed
coefficients of the first state and ζ = r e−iθ is the squeezing
coefficient of the second state, r ∈ R+ and θ ∈ [0,2pi). Fur-
thermore, both the beam splitters used in the interferometer
are balanced, and their phases differ by pi , so that the output
is equal to the input if there is no additional phase shift.
1. Ideal photodetection
We first address the ideal case, i.e. when the quantum effi-
ciency η is equal to one (we assume that the two detectors are
equal and have the same quantum efficiency). Upon employ-
ing the parameterization introduced in Sect. IV A for the input
signals and using Eq. (14), the sensitivity S1 for the difference
photocurrent may be evaluated analytically. We do not report
its full expression since it is cumbersome and proceed with
the numerical minimization. As a first step we minimize S1
over the phase shift φ and the squeezing phase θ : the typical
behavior of S1 as a function of these parameters is shown in
the upper panels of Fig. 4 for different possible input config-
urations. As it is apparent from the plots S1 is minimized by
φ = pi/2 and θ = 0 independently on the other parameters.
We confirmed this by scanning the full parameter range.
Using this results we may write a simpler expression for S1
in terms of the remaining parameters, which reads as follows
S1 =
{
4(1−β )β N2tot+4
√
βNtot
√
βNtot+1
×
(
(βtot−1)Ntot−
√
Ntot(βtot−β )
√
Ntot(βtot−β )+1
)
+2Ntot
} 1
2
/
(√
2 |Ntot−2Ntotβ |
)
(20)
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FIG. 4: (Color Online) The passive/passive interferometer with ideal
phodetection. In the upper left panel we show the sensitivity S1 as
a function of φ , for Ntot = 2, ξ = 0.5 and r = 0.7 (solid line), or
ξ = 0.7 and r = 0.5 (dashed line), and for θ = 0 (red lines), or pi/4
(green), or pi/2 (blue), or 3/4pi (magenta). The upper right panel
shows the sensitivity S1 as a function of θ , for φ = pi/2, Ntot = 2,
and for ξ = 0.5 and r = 0.7 (red line), or ξ = 0.7 and r = 0.5 (blue),
or ξ = 0.5 and r = 0.5 (green). The lower left panel shows the ideal
sensitivity S1min, minimized with respect to β , as a function of βtot,
for Ntot = 10−1 (red line), or Ntot = 1 (green), or Ntot = 10 (blue),
or Ntot = 102 (magenta). The lower right panel shows the optimized
sensitivity S1min as a function of Ntot (solid blue line). Also the shot-
noise limit 1/
√
Ntot (dashed red line) is shown.
Results of the minimization of S1 with respect to the squeezing
fractions βtot ∈ [0,1] and β ∈ [0,βtot] are shown in the lower
panels of Fig. 4. On the left we show S1, numerically min-
imized with respect to β , as function of βtot. We find that
S1 achieves its minimum for βtot = 1, that is, when all the en-
ergy is provided by the squeezing or, equivalently, no coherent
(classical) radiation is needed. Thus, if we fix βtot = 1, we can
analytically evaluate the optimal value of β , which turns out
to be 1/2. Therefore, the optimal input system is described
by two squeezed-vacuum states, which have the same phase
and number of photons. Overall, the sensitivity S1min = N−1tot ,
saturates the Heisenberg limit as a function of the total energy
N−1tot , see the lower right panel of Fig. 4.
2. Non unit quantum efficiency
In the realistic situation the detection efficiency is lower
than one: the sensitivity Sη(Ntot,φ ,βtot,β ,θ) depends now on
all the previous parameters and also on the quantum efficiency
η of the detectors (we assume the same for both). In order to
minimize Sη we proceed as in the ideal case. The behaviour of
Sη as a function of the phase shift φ and the squeezing phase
θ is shown in the upper panels Fig. 5. As we found in the ideal
case, the sensitivity is minimized for φ = pi/2 and θ = 0.
In order to solve the optimization problem, we now con-
sider the sensitivity Sη in the low-energy regime (Ntot  1)
and in the high-energy regime (Ntot 1). When Ntot 1, the
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FIG. 5: (Color Online) The passive/passive interferometer with real-
istic phodetection. In the upper left panel we show the sensitivity Sη
as a function of φ , for Ntot = 1, βtot = 0.8, and β = 0.6. Solid lines for
η = 0.9, and θ = pi/4 (red) or θ = 3/4pi (blue). The dashed lines for
η = 0.3, with θ = pi/2 (green) or θ = pi (magenta). The dotted lines
for η = 0.1, and θ = pi/4 (red) or θ = 3/4pi (blue). In the upper right
panel: the sensitivity Sη as a function of θ , for φ = pi/2, Ntot = 10,
and βtot = 0.9. Solid lines for η = 0.8, dashed lines η = 0.2, and for
β = 0.1 (red), or β = 0.3 (green), or β = 0.6 (blue). In the lower
right panel we show the fraction βmin, minimizing the sensitivity Sη
for Ntot  1, as a function of η . In the lower right panel: the opti-
mized sensitivity for Ntot 1 as a function of Ntot, for η = 0.9 (blue),
or η = 0.4 (magenta), η = 0.1 (orange). The shot-noise (red dashed
line) and the Heisenberg limit (green dotted line) are also shown.
sensitivity can be expanded to the leading term as follow
Sηmin(Ntot,βtot,β )≈
√
1−2η√β (βtot−β )
η(1−2β )2
1√
Ntot
. (21)
The coefficient multiplying 1/
√
Ntot is minimised when βtot =
1, and β depends on η as shown in the lower left panel of
Fig. 5. For η < 1, we find that the optimal working regime
is obtained when we introduce more squeezed photons in one
arm than in the other. The optimized sensitivity is then given
by
Sηmin(Ntot) =
√√√√ 1
2η
+
1
2
√
1−η2
η2
1√
Ntot
. (22)
Let us now focus to the high-energy regime (Ntot  1), in
which the sensitivity can be expanded as
Sηmin(Ntot,β )≈
√
1−η
η(1−2β )2
1√
Ntot
, (23)
where the coefficient βtot does not explicitly appear, but af-
fects the coefficients of higher orders. However, we can safety
set βtot 6= 1 and consider only the first order. In order to min-
imise the sensitivity of Eq. (23), we can set β = 0 (or β = 1),
that is, all the squeezing photons can be injected in one arm.
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FIG. 6: (Color online) The passive/active interferometer with ideal
photodetection. The upper left panel shows the minimized sensitiv-
ity S1min as a function of the parameter r1, for Ntot = 1 (red line),
Ntot = 10 (green line), and Ntot = 100 (blue line). The upper right
panel shows the parameter β minimizing the sensitivity as a func-
tion of Ntot. The lower left panel shows the optimal sensitivity S1min
as a function of the total number of photons Ntot, together with the
shot-noise limit (red dashed line) and the Heisenberg limit (green
dotted line). The lower right panel illustrate the behaviour of the ra-
tio R= S1min/SHL, where SHL = 1/Ntot is the Heisenberg scaling, as
a function of Ntot. The asymptotic value of R is 1+1/
√
2.
Thus, the optimal sensitivity turns out to be
Sηmin(Ntot) =
√
1−η
η
1√
Ntot
(24)
and we show its behaviour, for different values of η , in the
lower right panel of Fig. 5.
It is worth noting that the sensitivity in presence of noise
scales as the shot noise limit, that is 1/
√
Ntot. Therefore, using
quantum (squeezed) radiation inside an interferometer allows
to improve the sole coefficient multiplying the shot-noise limit
[10].
B. The passive/active case
This interferometer is composed by a beam splitter, mix-
ing the light beams before the phase shift, and by an active
measurement scheme where an amplifier is used to recom-
bine the modes, adding squeezing before the photodetection.
The input states for this interferometers are |α,ξ 〉 |γ〉, where
α,γ ∈ R are the coherent amplitudes and ξ = r e−iθ is the
squeezing coefficient of the first state, r ∈R+ and θ ∈ [0,2pi).
Furthermore, the beam splitters is balanced and its phase is set
equal to zero, while the OPA is parametrised by a squeezing
coefficient ζ = r1 e−iθ1 ∈C, where r1 ∈R+, and θ1 ∈ [0,2pi).
1. Ideal photodetection
The ideal S1 depends on the coherent amplitudes α and γ
and on the squeezing ones ξ = re−iθ , and ζ = r1e−iθ1 . In the
following we will use the same parameterization introduced
in sect. IV A. The ideal sensitivity is a cumbersome function
S1(Ntot,δ ,φ ,β ,θ ,r1,θ1), which we do not report here. How-
ever, from its analytic expression, one may observe that the
phase of the OPA, θ1, can be set equal to zero without loss
of generality. We now focus on the behavior of the sensitivity
when the amplifier introduces squeezed photons in the system.
As we have done in the previous cases, we have numerically
minimized S1 with respect to all the parameters except Ntot
and r1. The behaviour of sensitivity is shown in the upper left
panel of Fig. 6: in the limit r1 1, the sensitivity reaches its
minimum. Therefore, the optimal sensitivity is obtained when
a large number of squeezed photons is introduced by the am-
plifier.
From the analysis of the numerical minimization, we find
that the optimal value of the coherent trade-off coefficient δ is
1. In this case, the best configuration for the estimation of the
phase is obtained when the input system is described by the
state |ΨIN〉〉= |α,ξ 〉 |0〉. Concerning the squeezing fraction β ,
we found that the optimal value βmin minimising S1 depends
in a non-trivial way on the number of photons of the input
state, as shown in the upper right panel of Fig. 6. Remarkably,
in the limit of high energy the parameter is βmin ≈ 0.3. Thus,
the optimal estimation of φ is obtained when both coherent
and squeezed photons are used. In the low-energy range, the
value of βmin is equal to 1, and thus the optimal state of the
system is |0,ξ 〉 |0〉: only squeezed light is needed.
The optimized sensitivity S1min is shown in the the lower
left panel of Fig. 6. In the high-energy regime, the sensitivity
is proportional to the Heisenberg limit, even if with coefficient
larger than one. In the low-energy range, the sensitivity goes
down to the shot-noise limit. In order to assess the sensitivity
when Ntot 1, we consider the ratio R = S1min/SHL between
the numerically minimized S1min and the Heisenberg scaling
(Fig. 6, lower right panel): we find that, in the high-energy
regime
R Ntot1−→
(
1+
1√
2
)
. (25)
2. Non unit quantum efficiency
For non unit quantum efficiency the sensitivity is expressed
as a function Sη(Ntot,δ ,φ ,β ,θ ,r1,θ1). We analyze its be-
haviour starting from its dependence on the parameter r1,
which corresponds to the energy (average number of squeezed
photons) introduced by the parametric amplifier. In the ideal
case, we have seen that the optimal sensitivity is obtained for
r1  1. To analyze the behavior of S1 in the presence of de-
tection loss, we minimize it with respect to all the parameters,
except for Ntot, η , and r1. The optimal value Sη(Ntot,r1) is
shown in Fig. 7, for different values of the total number of
photons Ntot and quantum efficiency η . From the plot we can
extract two main results. First of all, also for non unit quan-
tum efficiency, the sensitivity is optimized for r1 1. There-
fore, in the optimal configuration, we have to provide as many
photons as possible through the amplifier. Moreover, if a large
9amount of energy is introduced inside the system with the am-
plifier, sensitivity approaches the ideal one, as it may be seen
by taking the limit of Sη for r1 → ∞. Therefore, the active
measurement stage allows us to balance the losses of the de-
tectors, and to obtain the ideal sensitivity even in the presence
of noise. Since the real sensitivity is minimized for r1  1,
and we have shown that in that regime the real and ideal sen-
sitivities coincide, we can use the same results from the ideal
case. Thus, we find that the sensitivity is still proportional to
the Heisenberg limit, even if the system is affected by noise.
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FIG. 7: (Color online) The passive/active interferometer with realis-
tic photodetection. The plot shows the optmized sensitivity Sηmin as
a function of r1, for Ntot = 1 (solid line), Ntot = 10 (dashed line), and
Ntot = 100 (dotted line), and for η = 1 (red line), η = 0.6 (blue line),
and η = 0.2 (green line).
C. The active/passive case
Now we turn our attention to the performances of the ac-
tive interferometer of Sec. IV B, when a passive measure-
ment stage is employed. The input beams are described by
two coherent states, |α〉 and |γ〉, respectively, where we take
α,γ ∈ R. The first component of the interferometer is the
OPA, described by the operator UOPA(ξ ), with ξ = re−iθ ,
where r ∈ R+, and θ ∈ [0,2pi). Finally, the beam splitter in-
side the measurement stage is assumed to be balanced.
1. Ideal photodetection
In order to analyze the sensitivity S1 in the ideal sce-
nario, i.e. η = 1, we consider the following parameters:
First, the total number of photons, here given by Ntot =(
α2+ γ2+1
)
cosh2r+ 4αγ cosθ sinhr coshr− 1, which ac-
counts for both the photons in the input signals as well as
those introduced by the amplifier. Then, we consider the ra-
tio δ between the number of coherent photons in the two in-
put states, as defined in Sec. IV A, and the squeezing frac-
tion β = 2 sinh2 r/Ntot, expressing the ratio between the num-
ber of squeezed photon injected by the amplifier and the to-
tal number of photons. In the following, we thus consider
S1 = S1(Ntot,δ ,φ ,β ,θ).
As in the previous sections, we want to minimize S1 to ob-
tain a function of the sole average number of photons Ntot. To
this aim, we numerically minimize S1 and find that the coher-
ent trade-off coefficient δ should be δ = 1/2 (the procedure
is similar to previous cases, we do not report the details), i.e.
the number of coherent photons in the input signals should be
balanced. Similarly, one finds that the optimal value φ = pi/2
is independent on the other parameters.
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FIG. 8: (Color online) The active/passive interferometer with ideal
photodetection. In the upper left panel we show the sensitivity S1 as
a function of θ , when Ntot = 10, δ = 1/2 and φ = pi/2. The blue
line refers to β = 0.01, the red line to β = 1/3, and the green one to
β = 2/3. The upper right panel shows the sensitivity S1 as a function
of β , when δ = 1/2, φ = pi/2, and θ = pi . The red line is taken for
Ntot = 0.1, the green one for Ntot = 1, and the blue one for Ntot = 10.
The lower left panel shows the value of β minimizing S1min, as a
function of Ntot. Finally, the lower right panel shows the optimized
S1 as a function of Ntot (blue line), with the shot-noise limit (red
dashed line) and the Heisenberg limit (green dotted line).
We now consider the parameter θ , that is the phase intro-
duced by the amplifier. The value of S1 as a function of θ is
shown in the upper left panel of Fig. 8, for different values
of the parameter β . The plot shows that the value of θ mini-
mizing the sensitivity is pi . It is worth noting, moreover, that
S1 grows with β . Therefore, it seems that the best estimation
possible is achieved for small values of β . In the upper right
panel of Fig. 8, we show the sensitivity as a function of the
parameter β , showing that S1 is indeed minimized for values
of β close to zero. However, a small fraction of squeezing is
necessary, otherwise the sensitivity would be equal to the shot-
noise limit 1/
√
Ntot. In the lower left panel of the same figure
the value βmin minimizing S1 is shown as a function of Ntot.
It grows with Ntot until it reaches a maximum for Ntot ≈ 10,
close to the value βmin ' 0.05, and then it decreases as the
total number of photons increase.
After the minimization of S1, it is interesting to analyze
how it behaves as the total number Ntot of photons is changed.
This is illustrated in the lower right panel of Fig. 8. In the
low-energy regime (Ntot 1), the optimal sensitivity is equal
to the shot noise limit, whereas in the high-energy regime,
Ntot 1), we have that S1min is below the the shot-noise limit,
but above the Heisenberg limit. Actually, S1min is proportional
10
to N−2/3tot in the high-energy regime.
2. Non unit quantum efficiency
In a realistic situation, when η < 1, the sensitivity is a func-
tion Sη(Ntot,δ ,β ,φ ,θ). An analytic, though cumbersome, ex-
pression for Sη may obtained: we are not reporting it here. We
start by noting that, as it happens for the other configurations,
the sensitivity Sη is still minimized by δ = 1/2, φ = pi/2, i.e.
also for the active/passive case a non unit quantum quantum
efficiency does not influence the position of the minimum of
the sensitivity, at least for what concerns the phases of the
system.
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FIG. 9: (Color online) The active/passive inteferometer with realistic
photodetection. The upper left panel shows the sensitivity Sη as a
function of β , for δ = 1/2, φ = pi/2, and θ = pi . The solid lines are
for η = 0.8, and the dashed lines for η = 0.2. The red lines are for
Ntot = 0.1, green lines for Ntot = 1, and blue lines for Ntot = 10. In the
upper right panel the value of β minimizing Sη is shown as a function
of Ntot. The blue line refers to η = 1, the grey one to η = 0.6, and
magenta one to η = 0.2. The lower left panel shows the optimized
sensitivity Sηmin as a function of Ntot, for η = 1 (blue line), η = 0.8
(grey line) and η = 0.2 (magenta line). The shot-noise limit (red
dashed line) and the Heisenberg limit (green dotted line) are shown.
The lower right panel shows the exponent ε(η) as a function of the
quantum efficiency.
Using this result we may write the sensitivity as
Sη =
{[
η(β −2)β 2N2tot−ηβ +βNtot(η(β −3)−1)
+
√
βNtot(βNtot+2)(η(1− (β −2)βNtot)+1)−1
]
/
[
η(β −1)2Ntot
(√
βNtot(βNtot+2)−1−βNtot
)]} 12
,
(26)
which now depends on the total number of photons, on the
squeezing fraction and on the quantum efficiency η . We min-
imize the sensitivity with respect to the squeezing fraction β .
In Fig. 9 (upper left panel), the sensitivity is shown as a func-
tion of β . The best sensitivity is achieved, again, for values of
β close to 0. The actual value of β minimizing the sensitivity
is shown in the upper right panel of Fig. 9 for different values
of η . The overall behavior is similar to the ideal case, even
if we need less and less squeezing as the quantum efficiency
decreases.
The optimum sensitivity is thus obtained when two identi-
cal coherent states are injected in the interferometer, and when
the amplifier introduces only a small fraction of squeezed pho-
tons. In the lower left panel of Fig. 9, the optimized sensitiv-
ity, as a function of the total number of photons is plotted for
different values of η . Notice that, in the high-energy regime,
the sensitivity gradually approaches the shot-noise limit as the
quantum efficiency decreases. In the limit Ntot  1 the sen-
sitivity depends on the total number as a power-law N−ε(η)tot ,
where the function ε(η) is shown in the lower right panel
of Fig. 9. The coefficient ε decreases from the value 2/3
to 1/2 (the shot-noise limit) as the quantum efficiency de-
creases. Compared to the Mach-Zehnder interferometer stud-
ied in sect. V A, the active interferometer we have analyzed
here has a sensitivity which approaches the shot-noise limit
only for η → 0. Thus, despite this interferometer does not al-
low us to reach the Heisenberg limit, its sensitivity improves
over that of a Mach-Zender interferometer, at least for η not
to far from unit.
D. The active/active case
We now study the sensitivity of the active interferometer of
Sect. IV B, with an active measurement stage. The sensitivity
of this interferometer was studied in Ref. [16], though only in
the ideal case.
The input signals here are two coherent states, |α〉 in the
first mode, and |γ〉 in the second one. We can take, without
loss of generality, both α and γ real. The interferometer in-
volves two amplifiers, described by the same unitary operator
U(ξ j), with j = 1,2. The coefficient ξ1 is complex, while ξ2
can takes real values without loss of generality. We rewrite
ξ1 = r1e−iθ1 , and ξ2 = r2, where r1,r2 ∈R+, and θ1 ∈ [0,2pi).
1. Ideal photodetection
Te sensitivity is a function S1(α,γ,φ ,r1,θ1,r2). As we
have done for other configurations, we introduce a conve-
nient parametrization to better capture the energy lanscape
of the system. The first parameter is the total number
of photons, Ntot, resulting from the input signals and the
first amplifier. This parameter can be expressed as Ntot =(
α2+ γ2+1
)
cosh2r1 + 4αγ cosθ sinhr1 coshr1 − 1. The
second parameter is the coherent trade-off coefficient δ , in-
troduced in sect. IV A. The last parameter we consider is
the squeezing fraction of photons introduced by the first am-
plifier, namely, β = 2 sinh2 r1/Ntot, taking values between
0 and 1. The ideal sensitivity turns out to be a function
S1(Ntot,δ ,φ ,β ,θ1,r2).
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In Sect. V B, we have seen that the sensitivity of a passive
interferometer is minimised when the amplifier in the active
measurement stage injects a large number of photons. We
study the sensitivity of the active interferometer in the same
limit, since the state arriving at the detection stage lies in the
same Gaussian sector. In order to validate this choice, the
sensitivity S1 is numerically minimised with respect to all the
parameters, except for Ntot and r2. Results are shown in the
upper left panel of Fig. 10, confirming that the sensitivity is
minimized when the OPA introduces a large number of pho-
tons before the measurement. Thus, we study the sensitivity
in the limit of r2→ ∞.
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FIG. 10: (Color Online) The active/active interferometer with ideal
photodetection. The upper left panel shows the minimum ideal sensi-
tivity S1min as a function of r2, for Ntot equal to 1 (red line), 10 (green
line), and 100 (blue line). In the upper right panel we show the value
of β minimizing S1 as a function of r2, for the same values of Ntot
of the left plot. In the lower left panel we show the sensitivity S1min
as a function of φ , for Ntot equal to 0.1 (red line), 1 (blue line), and
10 (orange one). The lower right panel shows the sensitivity S1min
as a function of Ntot. The shot noise (red dashed) and the Heisenberg
limit (green dotted) are also shown for comparison.
It is interesting to notice that, when r2  1, the sensitiv-
ity S1 is minimised for β = 1. This is shown in the upper
right panel of Fig. 10 where the value of β minimizing the
sensitivity is shown as a function of r2 for different values of
Ntot. In other words, as far as r2  1, the optimal sensitivity
is obtained when all the photons are introduced inside the in-
terferometer with the first amplifier. No coherent radiation is
needed and the input signal is just the vacuum in both modes.
Since the input state is vacuum, the coherent trade-off coeffi-
cient δ loses its meaning, and in fact we find that the sensitiv-
ity does not longer depend on it. Moreover, it is possible to
show that the analytic expression of S1, after setting β = 1 is
given by
S1min =
{[
csc2(θ1−φ)
(
Ntot(Ntot+2)cos2(θ1−φ)
+4(Ntot+1)
√
Ntot(Ntot+2)cos(θ1−φ)
+3Ntot(Ntot+2)+2
)]
/
[
2Ntot(Ntot+2)
]} 12
. (27)
The sensitivity depends only on the difference between θ1 and
φ and we can thus neglect one of them, e.g. θ1. The last
parameter to consider in order to optimize the sensitivity is
the phase φ . In the lower left panel of Fig. 10, we show S1
as a function of φ . It is possible to see that the minimum
is achieved for values of φ close to pi , though the exact value
changes with Ntot. Eventually, the analytic form of the optimal
sensitivity is given by
S1min(Ntot) =
1√
Ntot(Ntot+2)
(28)
which approaches the Heisenberg limit N−1tot in the high-
energy regime Ntot 1. The behaviour of the sensitivity as a
function of the total number of photons is shown in the lower
right panel of Fig. 10.
We have seen that this interferometer, like the two passive
interferometers analyzed before, has an optimized sensitivity
which approaches the Heisenberg limit. In order to achieve
the minimum sensitivity, the input should be prepared in the
vacuum state, and the whole energy has to be provided by
the first amplifier. During the measurement stage, the second
amplifier has to pump as many photons as possible to increase
minimise the sensitivity.
2. Non unit quantum efficiency
When the quantum efficiency of the detectors is lower than
unit, Sη(Ntot,δ ,φ ,β ,θ1,r2) depends on all the parameters we
have introduced before, as well as on η . First of all, we in-
vestigate the behavior of Sη as a function of the squeezing pa-
rameter r2 of the second amplifier. To study this behavior, we
perform a numerical minimization with respect to all the pa-
rameters, except for Ntot, η and r2. In Fig. 11, the minimized
sensitivity Sηmin is shown as a function of r2, for different
values of η and Ntot.
From the plot we obtain that the sensitivity Sη is minimized
when r2  1, independently of the value of Ntot and η . In
particular, we find that the sensitivity is equal to the ideal sen-
sitivity for r2  1. Therefore, if we pump into the system a
large amount of energy with the second amplifier, we balance
the losses of detectors, and are back to the ideal case. This
result is analogue to that obtained in sect. V B for the passive
interferometer with active measurement stage.
Since the sensitivity becomes equal to the ideal one for
r2 1, the results of the previous section still hold. In partic-
ular, we have Heisenberg scaling in the high-energy regime,
even if the detectors are affected by a non-unit quantum effi-
ciency.
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FIG. 11: (Color online) The active/active interferometer with realis-
tic photodetection. The plot shows the sensitivity Sηmin as a func-
tion of r2, for values of Ntot equal to 1 (solid lines), and 100 (dashed
lines), and values of η equal to 1 (red lines), 0.6 (blue line) and 0.2
(green ones).
VI. FEATURES OF THE ACTIVE MEASUREMENT STAGE
The interferometers with active measurement stage shows
a particular feature: the sensitivity Sη in the presence of non
unit quantum efficiency can be made equal to the ideal value
S1, by pumping a large number of squeezed photons inside the
system with the OPA. In the following we further investigate
this effect.
We consider the active measurement scheme, where the de-
tectors have the same quantum efficiency η . The state of the
modes a and b just before the active measurement stage is de-
scribed by a generic state ρφ , where φ is the phase parameter
we want to estimate. Using the Heisenberg picture, the op-
erator D+(η) associated with the sum photocurrent (after the
OPA) can be written as (we assume, without loss of generality,
that the OPA squeezing parameter ξ is real):
D+(η) = η
[
(1+NOPA)〈Nin〉ρφ +NOPA
+
√
NOPA(2+NOPA)〈Xab〉ρφ
]
(29)
where 〈· · · 〉ρφ = Tr[· · · ρφ ], Nin = a†a+b†b, Xab = a†b† +ab
and NOPA = 2sinh2 ξ is the number of squeezed photons in-
troduced with the amplifier. It is easy to show that:
∆D2+(η) = η
2∆D2++η(1−η)D+ (30)
where D+ ≡ D+(1) and the corresponding variance reads:
∆D2+ = 〈D2+〉ρφ −〈D+〉2ρφ
= (1+NOPA)2∆N2in+NOPA(2+NOPA)∆X
2
ab
+2(1+NOPA)
√
NOPA(2+NOPA)
×
( 〈NinXab+XabNin〉ρφ
2
−〈Nin〉ρφ 〈Xab〉ρφ
)
. (31)
The sensitivity Sη for this measurement stage can be evalu-
ated with the Eq. (14), and it is equal to
Sη =
√
∆D2+(η)∣∣∂φD+(η)∣∣ , (32)
= S1
√
1+
1−η
η
D+
∆D2+
. (33)
Since D+/∆D2+ ∝ N
−1
OPA, it is now evident that, in the limit
ηNOPA  1, one has Sη ≈ S1. We stress that this is a com-
pletely general result, since we are not making any assump-
tion on the nature of the state ρφ .
VII. CONCLUDING REMARKS
In this paper we have investigated the performances of opti-
cal interferometers involving Gaussian input signals and pas-
sive or active devices in the mixing stage as well as in the de-
tection stage. For all the configurations we found the optimal
working point of the interferometer by optimizing over all the
involved parameters, either characterizing the interferometer
or its input signals.
Upon analyzing the behaviour of the QFI, we have shown
that both passive and active interferometers may achieve the
Heisenberg scaling ∝ N−1tot for a suitably optimized input sig-
nals in the high-energy regime, with the passive ones perform-
ing slightly better (by a multiplicative factor). In fact, the pas-
sive interferometer can fully exploit the squeezing resource
whereas, in the case of the active one, part of the squeezing is
lost to create entanglement between the two outgoing beams
leading to a loss of local phase sensitivity. Our results also
show that in order to achieve the ultimate limit allowed by
quantum mechanics one should require that one of the two
beams plays the role of a phase reference which is indeed en-
hanced by the use of squeezing.
We then moved to the realistic scenario in which we have
a measurement stage based on passive or active elements and
photon number detectors, taking also into account the pres-
ence of losses leading to a non-unit quantum efficiency. Our
analytical and numerical results have shown that in the pres-
ence of unit quantum efficiency the symmetric configuration
should be preferred: a passive (active) interferometer should
use a passive (active) detection scheme. As one may expect,
when losses affect the detection, the Heisenberg scaling is
lost. However, we found that for both the passive and active
interferometers the presence of an OPA at the measurement
stage pumping a large number of squeezed photons allows to
compensate the detrimental effect of losses and to achieve the
same sensitivity as in the ideal casey, thus restoring again the
Heisenberg scaling.
Our results show the robustness of Gaussian interferom-
eters against loss, suggesting that their performances in re-
alistic conditions may overcome those of the correspond-
ing schemes involving finite superposition of photonic states
[36, 37], at least when synchronization is allowed between the
sender and the receiver.
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Appendix A: Sum and difference photocurrent for non unit
quantum efficiency
Here we address the first statistical moments of the sum-
and the difference-photocurrent observables when the pho-
todetectors have a non-unit quantum efficiency η . We model
each realistic photodetector as an ideal one preceded by a
beam splitter of transmissivity η , with the ancillary mode
placed in the vacuum, see Fig. (12).
|0i
|0i
a
d
c
D±(⌘)±
b
FIG. 12: Sum and difference photocurrents D+(η) and D−(η) with
realistic photodetectors. Here, we use a beam splitter with transmis-
sion coefficient η to model quantum efficiency of detectors. Since
a beam splitter has two input modes, one is filled with the radiation
signal (the modes “a” and “b”, in the scheme), while in the other
(that is, the modes “c” and “d”) we put a vacuum state |0〉.
The first operator we consider is the sum photocurrent. Af-
ter straightforward calculation, both the mean value and the
variance of this observable can be evaluated. The mean value
is given by the equation
〈D+(η)〉= η 〈a†a+b†b〉 (A1)
In other words, the mean value of the sum photocurrent is
equal to the total number of photons inside the signal, scaled
by the quantum efficiency of the detectors. Instead, the vari-
ance of this observable is given by
〈∆D2+(η)〉=η2
(
〈∆(a†a)2〉+ 〈∆(b†b)2〉
+2 〈a†a⊗b†b〉−2 〈a†a〉〈b†b〉
)
+η(1−η)〈a†a+b†b〉 (A2)
The other observable we consider is the difference pho-
tocurrent D−(η). Its mean value is given by
〈D−(η)〉= η 〈a†a−b†b〉 (A3)
In this case, the mean value of D−(η) is the difference be-
tween the number of photons collected by the two photodetec-
tors. Again, the whole expression is scaled by η . In conclu-
sion, the variance of the difference photocurrent can be evalu-
ated
〈∆D2−(η)〉=η2
(
〈∆(a†a)2〉+ 〈∆(b†b)2〉
−2 〈a†a⊗b†b〉+2 〈a†a〉〈b†b〉
)
+η(1−η)〈a†a+b†b〉 (A4)
In the equations from Eq. (A1) to Eq. (A4), the brackets
〈. . .〉 represent the mean value on the state ρ coming from the
interferometer, that is to say, 〈. . .〉= Tr [ρ . . .].
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